A relativistic self-consistent model for studying enhancement of space charge limited field emission due to counter-streaming ions Phys. Plasmas 21, 023118 (2014) Relativistic two-dimensional (2D) electrostatic (ES) formulations have been derived for studying the steady-state space charge limited (SCL) current flow of a finite width W in a drift space with a gap distance D. The theoretical analyses show that the 2D SCL current density in terms of the 1D SCL current density monotonically increases with D/W, and the theory recovers the 1D classical Child-Langmuir law in the drift space under the approximation of uniform charge density in the transverse direction. A 2D static model has also been constructed to study the dynamical behaviors of the current flow with current density exceeding the SCL current density, and the static theory for evaluating the transmitted current fraction and minimum potential position have been verified by using 2D ES particle-in-cell simulation. The results show the 2D SCL current density is mainly determined by the geometrical effects, but the dynamical behaviors of the current flow are mainly determined by the relativistic effect at the current density exceeding the SCL current density. V C 2014 AIP Publishing LLC.
Two-dimensional relativistic space charge limited current flow in the drift space I . INTRODUCTION The dynamics of intense charged particle beams in a vacuum gap has remained an area of considerable interests in vacuum electronics, 1 pulsed power system, 2 and high power microwave sources, 3 etc. The space charge effect limits the maximum current density to be injected and propagate in space. When the injected current density exceeds the space charge limited (SCL) current density, charged particles are accumulated in a vacuum gap and lead to particle reflections and formation of a virtual cathode, the current flow thus is modulated and show an oscillatory behavior instead of a laminar flow.
The classical Child-Langmuir (CL) law 4 predicts the maximum current density that can be transported across a vacuum acceleration gap with a gap distance D and gap voltage u 0 at the steady state. Assuming the initial kinetic energy of charged particles is much smaller than eu 0 , the classical one-dimensional (1D) SCL current density or the so-called CL law can be expressed as
where e and m are, respectively, the charge and mass of a charged particle, and 0 is the free space permittivity. The CL law has been extended by considering the geometrical and relativistic effects in the following studies. Luginsland et al. 5 first demonstrated the two-dimensional (2D) CL law in a diode by 2D particle-in-cell (PIC) simulation, Lau 6 then derived a consistent scaling law for the steady-state 2D current flow. Based on Lau's approach, a unified three-dimensional (3D) CL law for classical, weakly relativistic, and quantum SCL flow was derived. 7 The short-pulse (pulse-length is smaller than the gap distance) 2D CL law was also derived in classical 8, 9 and weakly relativistic 10 regimes, respectively. Besides the acceleration diode, the drift space is another important component used in vacuum electronic devices. The potential minimum induced by the space charge accumulation in the drift space limits the injected current density. The SCL current density depends on the gap distance and the initial kinetic energy of injected charged particle beam. Similar to the 1D classical CL law, the SCL current density in the drift space can be expressed as 11, 12 J DCL ¼ 32 9 0 ffiffiffiffiffi 2e m r u
where J DCL is eight times higher than the SCL current density J CL , which is estimated by 1D classical CL law (Eq. (1)) under the same u 0 and D. In Eq. (2), u 0 is defined by the initial kinetic energy of injected particles eu 0 ¼ 1 2 mv 2 0 , and v 0 is the initial velocity of charged particles. The 1D classical SCL current density in the drift space as described by Eq. (2) has been extended to short-pulse and relativistic regimes. 13 However, the assumption of the current saturation in a single direction was adopted in the derivation of Eq. (2) . If the current flow injected into the drift space exceeds the SCL current density (where there should be no steady-state solutions), some features such as an abrupt drop in transmitted current and hysteresis when changing the injected current density 14, 15 as observed in experiments could not be theoretically explained based on the original 1D model. Birdsall et al. relaxed the assumption of uni-directional flow in the 1D drift-space model and derived a 1D static theory to analyze the behaviors of the charge flow with the current density beyond the SCL current density. W. B. Bridges is the first one to derive the 2D classical theory for the SCL current density in the drift space based on a series expansion method. 16 The theoretical formula can be expressed as the ratio of 2D current density limit [denoted as J(2D)] and 1D current density limit [denoted as J(1D)] in a drift space, i.e.,
Jð2DÞ

Jð1DÞ
¼ 1
where W is the beam width and D is the gap distance of the drift space, respectively. But the validity of the theoretical analysis is still limited due to the application of the series expansion method in the derivation. Applications of the high energy charged particle beam are widely spread in cuttingedge researches, e.g., terahertz radiation 17, 18 and X-ray 19 sources, electron microscopes, 20 free electron lasers, [21] [22] [23] [24] charge-particle radiation therapy, 25 and proton therapy. 26, 27 The relativistic effects of energetic charged particle beam propagating in the drift space need to be taken into account for the derivation of 2D CL law. In Sec. II, a 2D relativistic CL law (ignoring the selfmagnetic field) for the current flow in a drift space is presented. An electrostatic (ES) PIC simulation was employed to verify the 2D CL law using the over-injection method (OIM) and the potential-matching method (PMM). In Sec. III, the theoretical analysis was extended to study the dynamical behaviors of the 2D relativistic current flow at the current density beyond the SCL current density. The extended 2D theory shows how the transverse geometry and the relativistic factor affect the behaviors of the current flow, e.g., the transmitted current fraction f , the potential minimum u m , the minimum potential position n m in the drift space, and virtual cathode oscillation frequency, by changing the current density from the values below the current density limit to few times of the current density limit. The 2D ES PIC simulation was performed to verify the static theory as well as to demonstrate virtual cathode oscillations and dynamics of the current flow under the slowly time-varying current injection. Section IV gives the summary and conclusions.
II. TWO-DIMENSIONAL SCL CURRENT DENSITY IN DRIFT SPACE
Considering a uniform injection of charged particles with initial velocity v 0 over a finite strip of width W in a planar drift space of gap distance D, the electric field in the center of injecting surface can be described by
where q x; z ð Þ is the charge density within the drift space and z is the direction of beam propagation. The range of the integration over z in Eq. (4) starts from D=2 because the charge distribution function q x; z ð Þ is symmetric with respect to z ¼ D=2. Based on the method proposed by Lau 6 with the assumption of uniform charge distribution in transverse direction, the charge density can be assumed to be independent of x, i.e., q x; z ð Þ $ q z ð Þ. Eq. (4) thus can be rewritten as
where
p at p ) 1 is used for solving the integration of Eq. (5). The 1D approximation of the space charge field can be recovered by setting W ! 1, i.e.,
When the injected current density reaches the current density limit, the electric field in the center of the emitting strip is assumed to satisfy E(2D) ¼ E(1D). The 2D SCL current density for the drift space in terms of 1D limit is given by
Since the charge density is assumed to be only dependent upon z, the term z À D 2 in Eq. (7) can be expressed as a function of beam velocity using the results of 1D theory, 11 i.e.,
q is minimum velocity of charged particles in the center of the drift space. Therefore, the 2D classical SCL current density in a drift space can be calculated using Eqs. (7) and (8) . In the 1D limit, i.e., W ) D, Eq. (7) can be expressed as a simple analytical form
In the relativistic regime, the energy conservation law
is the minimum value of c factor in the drift space. Following the same processes for deriving Eq. (9), the ratio of relativistic 2D SCL current density in the drift space can be expressed as
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi ffi
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The 2D ES PIC simulation was then performed for examining the validity of the SCL current density in the drift space derived by the theoretical analyses. In the simulation, charged particle beams with the initial beam energy U 0 ð eu 0 mc 2 Þ¼0:1 in the classical regime and U 0 ¼10 in the relativistic regime, respectively, are considered to propagate in a drift space with gap distance D¼1cm. The beam width is varied from W ¼1cm (2D approximation: W/D¼1) to W ¼200 cm (1D approximation: W/D¼200). The numerical SCL current density calculated by simulations at W=D¼200 is taken as the reference value of 1D approximation and denoted as Jð1DÞ. The criteria for determining the SCL current density in PIC simulation is always an arguable issue, especially in the drift space. However, the zero longitudinal electric field at the beam-injection end for an acceleration diode is no more a proper criteria for the current flow in a drift space because the initial kinetic energy of the charged particle beam cannot be ignored. Therefore, both the OIM and PMM were used to determine the current density limit in the PIC simulation.
The PMM is applied to determine the SCL current density in the drift space by matching the potential minimum calculated by 2D PIC simulation with the 1D theoretical result. 11 The 1D theory shows the potential minimum is equal to u 0 4 in the classical regime when the injected current density reaches the current density limit. So the SCL current density can be obtained by 2D PIC simulation when the numerical potential minimum is approximately equal to u 0 4 at the steady state. On the other hand, the OIM determines the SCL current density by detecting the occurrence of the reflected current flow on the surface at the beam-injection end. If the injected current density is lower than the SCL current density, the current flow can totally pass through the drift space without any reflection. The SCL current density can be obtained by gradually increasing the injected current density in a series of computer runs with the time duration of ten times of beam transit time T 0 (time for a single charged particle transiting the gap) for the system to reach the steady state. Figure 1 shows comparisons between the theoretical results and simulation results using the two methods for determining the current density limit in the classical regime ðU 0 ¼ 0:1Þ and the relativistic regimeðU 0 ¼ 10Þ, respectively. The simulation results using both OIM and PMM show excellent agreement with the theoretical results at 1, such that outermost charged particles considerably move transversely outward from their initial positions during passing through the drift space. Therefore, the 2D SCL current density estimated by the theoretical analysis is expected to be smaller than the simulation result. The relative error between the theoretical results and simulation results could be considerably reduced by applying an external magnetic field to reduce the beam expansion in the PIC simulation, as illustrated by the star sign in Figs. 1(a) and 1(c). The beam expansion is less significant in the relativistic regime. Therefore, the simulation results agree well with the theoretical results even in the absence of an externally applied magnetic field, as shown in Figs. 1(b) and 1(d) . Figure 1 (a) also shows the comparisons between the theoretical results calculated by Bridge's theory 16 and the newly derived theory in the study. It is obvious that the Bridge's theory considerably deviates from the simulation results when reducing the beam width, meanwhile, the newly derived formula shows better agreement with the PIC simulation. The reason might be due to the evolution of the current flow in the simulation deviates from the specific current profile imposed by Bridge's theory while reducing the beam width. The severe imposition in Bridge's theory is relieved by taking direct integration over the charge distribution in the newly derived formulations, which shows more consistent results as compared to the simulation results. Comparisons between Figs. 1(a) and 1(b) also leads to an important conclusion, i.e., the geometrical effect dominates the current limit ratio
Jð2DÞ
Jð1DÞ in the drift space, while the relativistic effect plays minor role in the determination of the current limit ratio.
III. TWO-DIMENSIONAL CURRENT FLOW BEYOND CURRENT DENSITY LIMIT IN DRIFT SPACE
Considering a charged particle beam with the initial beam velocity v 0 and current density J D0 ð1DÞ, which value exceeds the SCL current density limit, is injected into a drift space with a gap distance D. Parts of charged particles are decelerated and bunched to form a virtual cathode in the drift space. Birdsall et al. regions with gap distance n m and1 À n m , respectively, as shown in Fig. 2 .
The charged particles are injected from the upstream end of region I and reflected by the potential barrier induced by charged particle accumulation near n m . Therefore, the steady-state charge density of region I can be expressed as
, which is associated with the injected current density J D0 ð1DÞ and the reflected current densityð1 À f ÞJ D0 ð1DÞ. The charge density in region II is only associated with the current density across the potential barrier fJ D0 ð1DÞ (as shown in Fig. 2 ð Þ ¼ u 0 and u n m ð Þ ¼ u 0 n m ð Þ ¼ 0 for region I and region II, respectively, give the formulations for calculating the normalized potential minimum position n m and transmitted current fractionf , 11 i.e.,
and
where a
is the injected current density normalized to the 1D SCL current density in an acceleration diode.
Based on Birdsall's approach, the 1D static theory, as shown in Eqs. (11) and (12) , can be extended to the 2D relativistic regime by considering both relativistic and finite width effects of the charged particle beam in the drift space. The drift space is divided into two regions along the beampropagation direction (as shown in Fig. 2 ) with the potential minimum equals to zero at the common boundary of these two regions when the injected current density exceeding the current density limit. It is worth noting that the system is equivalent to the combination of two back-to-back diodes with the zero potential at the common boundary, such that the sizes of these two diodes (or the zero potential position in the drift space) and the transmitted current fraction are determined by the SCL current density of these two diodes if the steady state of the system can be achieved. It is arguable to treat the system as the combination of two back-to-back diodes on the basis of the physical intuition, since the current flows in region I and region II are quite different. However, it turns out that a net opposite velocity profile of the electron flow in region I when the system reaches a steady state makes it possible to treat region I equivalent to a physical diode.
The 2D SCL current density in region I (with injected and reflected currents) and region II (with the transmitted current) are denoted as pW , which are, respectively, normalized to the corresponding 1D SCL current density. 6 According to 1D CL law, the 1D SCL current densities in the two regions can be expressed as
ð Þ, where J CL 1D ð Þ is the 1D SCL current density in a diode of gap separation D, as the described by Eq. (1). The 2D SCL current densities in two regions are, respectively, denoted as J I 2D ð Þ ¼ ð2 À f ÞJ D0 ð2DÞ and J II 2D ð Þ ¼ fJ D0 ð2DÞ, where J D0 ð2DÞ is the 2D injected current density in
6 Rearranging Eqs. (13) and (14), the normalized minimum potential position n m and transmitted current fraction f for the drift space in 2D classical regime are, respectively, expressed as
FIG. 2. The figure shows the potential profile for the injected current density exceeding the current density limit. The potential minimum equals to zero and locates at n m . and
where a 2D ð Þ
ð Þ is the 2D CL law in an acceleration diode. 6 The 2D static theory can be extended to the relativistic regime using the 2D relativistic CL law, 9 such that Eqs. (15) and (16) can be rewritten as
ð Þ is the 2D relativistic CL law in an acceleration diode, 9 G
4D
pW is the geometry factor for a long strip emitter, and
Qðw;uÞdp Qð1;uÞ is the mean-position factor. 9 The solutions can recover to Birdsall's 1D result (Eqs. (11) and (12)) by taking the beam width W ! 1 in the classical regime.
In order to verify the 2D static theory beyond the SCL current density, the 2D ES PIC simulation was performed to study the dynamics of a charged particle beam with the triangular time-dependent current injection profile (as shown in Fig. 3 ) in the drift space. The rise time and the fall time of the temporal current profile are chosen to be long enough to ensure that the system can reach a quasi-steady state at any time duration under the injection of the time-varying current flow. For the convenience to compare the theoretical analyses with simulation results (as shown in Fig. 4) ,
ð Þ is the 1D SCL current density in the drift space. Figure 4 shows the variation of the minimum potential position n m with the normalized current density at (17) and (18) for the relativistic regime. The theoretical analyses show good agreement with the simulation results (triangle points). It should be pointed out that zero potential is the assumption only in theory, so the values of the potential minimum and the corresponding position calculated in the simulation, respectively, oscillate around the zero and n m with time. The right-pointing triangles shown in Fig. 4 represent the simulated data during the rising of the injected current density and the left-pointing triangles represent the data corresponding to the falling of the injected current density. The theoretical zero potential position n m remains at 0.5 while the injected current density is below the SCL current density (from point A to B in Fig. 4(a) ), but the position abruptly drops to be less than 0.25 when the current density exceeds the current threshold (near point C) and keeps descending if the injected current density is further increased (point D). The position of potential minimum is oscillating with time due to the appearance of the virtual cathode (the gray-slash region shown in Fig. 4 ) from point C to point D, but its averaged value is close to the theoretical result. The position of potential minimum (denoted as left-pointing triangles) is increased along the path from point D to point E when the injected current density is decreased, which forms a hysteresis loop (A!B!C!E!A 0 ) due to the dynamical lag between the variation of the injected current density and the system response. Therefore, the virtual cathode oscillation still exists even though the injected current density is decreased (from point C to point E) to the level lower than SCL current density. The area enclosed by hysteresis loops of the classical cases (Figs. 4(a) and 4(b) ) are quantitatively larger than that of the relativistic cases (Figs. 4(c) and 4(d) ), which means that the dynamical response of the classical cases to the change in the system is much slower as compared to the relativistic cases. Figure 4 also shows that the shaded region describing the oscillation of the potential minimum is considerably narrower for the relativistic case than for the non-relativistic case, which is due to the smaller collective displacement of electrons with finite inertia responding to the oscillating field with a higher frequency (will be discussed later in Fig. 6 ) at the relativistic regime. Furthermore, the dynamical response to the change in the system is insensitive to the beam geometry as shown at different W/D in Fig. 4 . Similar behaviors can be observed from the variations of the transmitted current fraction f induced by the time-varying injected current density in the drift space as shown in Fig. 5 , in which the transmitted current factor is defined as ratio of the transmitted current diagnosed at the anode and the injected current from the cathode in simulations.
When the injected current density exceeds the SCL current density, the virtual cathode forms and oscillates near the injected region. Lin et al. 28 developed a computer simulation code for the studying the dynamics of the virtual cathode. The simulation results showed that the injected electron beam is modulated by the reflected electron bunch and the virtual cathode oscillation is locked to the oscillation of the reflected electron bunch. The virtual cathode oscillation frequency is found to increase with the applied voltage, but is less sensitive to the variation of the injected current density and beam radius. Sze et al. 29 provided a theoretical formula for evaluating the oscillation frequency f VC of the virtual cathode, i.e.,
where d is the cathode-anode gap in cm and c 0 is the relativistic factor of the injected charged particles. This formula was derived by assuming the oscillation frequency is equal to the local relativistic plasma frequency of a planar laminar flow. Fazio et al. 30 also proposed an empirical formula for calculating the virtual cathode oscillation frequency, which can be expressed as
where x ? is the relativistic transverse plasma frequency of the beam electrons. The formula does not explicitly show the dependency of the oscillation frequency on the geometrical factors, moreover, the validity of the formula is limited to the cases with the injected current density considerably higher than the space charge current limit. Kadish et al. 31 suggested that the oscillation frequency is in the range of
where f p is the relativistic plasma frequency defined by the injected current density. Fig. 6 shows the dependency of oscillation frequency f VC ½in GHz of the virtual cathode on the normalized injected current density (
ð Þ ) in both classical and relativistic regimes with the consideration of 2D geometrical effects, where J D0 ð2DÞ is the injected current density and J 2D ð Þ is the theoretical 2D SCL current density in the drift space as described by Eq. (10) . The PIC simulation results show the consistency with Sze's theoretical results, 28 i.e., the oscillation frequency of the virtual cathode increases with the injected current density, even though the theoretical values are slightly higher than the simulation results. The simulation results are almost located within the frequency range predicted by Kadish et al., 31 except few points at lower injected current density in the relativistic regime. The PIC simulation results show weak dependency on the geometrical effects, i.e., the oscillation frequencies of the virtual cathode in the 1D cases ð show that the dynamics of the current flow is mainly determined by the relativistic effect instead of the geometrical effect at the injected current density beyond the current limit.
IV. SUMMARY
The 2D ES relativistic theory for calculating SCL current density of energetic long-pulse electron flows in drift space was derived. In the regime beyond the SCL current density, the 2D relativistic static theory was derived to estimate the transmitted current fraction f and the normalized position of potential minimum n m . The 2D ES PIC simulation was employed to verify the theories of SCL current density using OIM and PMM, and the largest discrepancy between simulations results and theoretical analyses is less than 7%. The 2D ES PIC simulation for the study of the current flow with the slowly time-varying current density profile demonstrates similar hysteresis phenomena with the prediction of the static theory beyond SCL current density. The virtual cathode oscillation is observed in the 2D ES PIC simulation when the injected current density exceeds the current threshold, and the oscillation frequencies show good agreement with previous theoretical analyses.
In summary, the geometrical effect of the current flow dominates the system in the regime near the SCL current density, whereas the relativistic effect dominates the dynamical behaviors of the current flow in the regime beyond the SCL current density.
